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Abstract 

We compute: 

• the cohomology with group ring coefficients of Artin groups (or 
actually, of their associated Salvetti complexes), Bestvina-Brady 
groups, and graph products of groups, 

• the L 2 -Betti numbers of Bestvina-Brady groups and of graph 
products of groups, 

• the weighted L 2 -Betti numbers of graph products of Coxeter 
groups. 

In the case of arbitrary graph products there is an additional proviso: 
either all factors are infinite or all are finite. (However, for graph 
products of Coxeter groups this proviso is unnecessary.) 
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Introduction 



This paper concerns the calculation of the group cohomology, H*(G; N), for 
certain discrete groups G, where the G-module N is either ZG or a von 
Neumann algebra J\f(G). Here Af{G) is a completion of the group algebra 
RG acting on L 2 (G), the Hilbert space of square summable functions on 
G. If G acts properly and cocompactly on a CW complex Y, then one has 
the reduced L 2 -cohomology spaces, L 2 H*(Y). These are Hilbert spaces with 
orthogonal G-actions. As such, each has a "von Neumann dimension" with 
respect to Af(G). The dimension of L 2 H n (Y) is the n th L 2 -Betti number, 
L 2 b n (Y; G). When Y is acyclic, it is an invariant of G, denoted L 2 b n (G). As 
shown in [2H] , these L 2 -Betti numbers can be computed from the cohomology 
groups H*(G;M{G)) (i.e., the cohomology of BG with local coefficients in 
M{G)). 

For Coxeter groups, there is a refinement of the notion of L 2 -Betti num- 
ber. Suppose (W, S) is a Coxeter system and p is a multiparameter of positive 
real numbers (meaning that p is a function S — > (0, oo) which is constant 
on conjugacy classes). There is an associated "Hecke-von Neumann alge- 
bra," Af p (W), which one can use to define the "weighted L 2 -Betti numbers," 
Lpb n (W), cf. j2TJ, [15] or [11] . These numbers have been calculated provided 
p lies within a certain range, namely, when either p or p -1 lie within the 
region of convergence for the growth series of W (in [2TJ, |15j). 

Associated to (W, S), there is a finite CW complex X, called its Salvetti 
complex. It is homotopy equivalent to the quotient by W of the comple- 
ment of the (possibly infinite) complex hyperplane arrangement associated 
to (W, S) (cf. [0]). The fundamental group of X is the Artin group A associ- 
ated to (W, S). The K(tt, 1) Conjecture for Artin groups asserts that X is a 
model for BA (= K(A, 1)). This conjecture is known to hold in many cases, 
for example when W is either right-angled or finite. 

Given a simplicial graph T with vertex set S and a family of groups 
{G s } s< zs, their graph product, ]l r G s , is the quotient of the free product of 
the G s by the relations that elements of G s and G t commute whenever {s, t} 
is an edge of T. Associated to F there is a flag complex L with 1-skeleton T. 
(L is defined by the requirement that a subset of S spans a simplex of L if 
and only if it is the vertex set of a complete subgraph of T.) A right-angled 
Coxeter group Wl (a RACG for short) is a graph product where each G s is 
cyclic of order 2. Similarly, a right-angled Artin group (a RAAG for short) 
Al is a graph product where each G s is infinite cyclic. An arbitrary graph 
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product of groups is an example of a right-angled building of type (Wl, S). 
In §5.2l we consider a family of arbitrary Coxeter systems {(V s , T s )} s& s- Their 
graph product, V := rir^' gi yes a Coxeter system (V,T) (where T denotes 
the disjoint union of the T s ). 

Given a right-angled Artin group Al, let tt : Al ~ > Z be the homomor- 
phism which sends each standard generator to 1. Put BBl := Ker7r. In |4] 
Bestvina and Brady prove that BBl is type FP if and only if the simplicial 
complex L is acyclic. If this is the case, BBl is called a Bestvina-Brady 
group. 

A subset of S (the set of generators of a Coxeter group W) is spherical if 
it generates a finite subgroup of W. Let S(W, S) denote the poset of spherical 
subsets of S and let K be the geometric realization of this poset. For each 
spherical subset J, let Kj (resp. dKj) be the geometric realization of the 
subposet S(W,S)>j (resp. S(W, S)>j). Kj is the cone on dKj. (dK is 
the barycentric subdivision of the nerve of (W, S); dKj is the barycentric 
subdivision of the link of the simplex corresponding to J in the nerve.) 

Many of the following computations are done by using a spectral sequence 
associated to a double complex. The terms of such a spectral sequence 
compute the graded group, GiH*( ), associated to the corresponding filtra- 
tion of the cohomology group, H*( ), in question. 

In item (1) below, the Coxeter system is arbitrary while in (2), (3), (4) 
it is right-angled. (Within parentheses we refer either to the theorem in 
this paper where the computation appears or else we give a reference to the 
literature.) Here are the computations. 

(1) Suppose A is the Artin group associated to a Coxeter system (W, S), X 
is the associated Salvetti complex and X is its universal cover. Then 

(a) (Theorem 14. ip . 

GrH n {X;ZA)= H n -\ J \K Jl dKj)®H\ J \Aj;ZA). 
JeS(w,S) 

(In the case of a RAAG this formula is the main result of [26J.) 

(b) (Ha Cor. 2]). 

L 2 b n (X; A) = b n (K,dK). 

(Here b n (Y,Z) is the ordinary Betti number of a pair (Y,Z), i.e., 
b n (Y, Z) := dim# n (r, Z; R).) 
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When the K(tt, 1) Conjecture holds for A, these formulas compute, 
Gr H*(A; ZA) and L 2 b*(A), respectively. 

(2) Suppose BB L is the Bestvina-Brady subgroup of a RAAG, A L . 

(a) ( Theorem I4.3p . The cohomo logy of BBl with group ring coefficients 
is isomorphic to that of Al shifted up in degree by 1: 

GrH'\BB L ;ZBB L ) = H n -^ + \Kj, dKj) ® Z(A L /Aj). 

JeS(w,s) 

(b) (Theorem |4.4p . The L 2 -Betti numbers of BB^ are given by 

L 2 b n (BB L ) = J2b n (K s ,dK s ), 

ses 

(3) Suppose G = Ylr &s is a graph product of groups, and let (W, S) be the 
RACS associated to the graph. For each spherical subset J, Gj denotes 
the direct product rise J 

(a) (Theorem 14. 5p . If each G s is infinite, then 

Grir(G;ZG)= H^Kj, dKj; H j (Gj; ZG)). 

JES(W,S) 
i+j=n 

(b) (Theorem 14 .6p . If each G s is infinite, then 

L 2 b n (G)= b\Kj,dKj)-L 2 V{Gj). 

JeS(w,S) 

i+j=n 

(c) ([13, Corollary 9.4]). If each G s is finite, then 

GiH n {G;ZG) = H n {K, K s - J ) ® A J , 
Jes(w,s) 

Here K S ~ J denotes the union of subcomplexes K s , with s G S — J, 
and A 3 is a certain (free abelian) subgroup of Z(G/Gj). 
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(d) ([15, Theorem 13.8] and Corollary 16 . 5 1 below) . Again, when each G s 
is finite, G is a right-angled building of type (W, S) and its L 2 -Betti 
numbers are determined by the weighted L 2 -Betti numbers of (W, S) 
via the formula, L 2 b n (G) = Lpb n (W), where the multiparameter 
p = (p s )ses is defined by p s = \G S \ - 1. 

(4) Suppose that V is a graph product of Coxeter groups {V s } st =s, that (W, S) 
is the RACS associated to the graph and that q is multiparameter for 
(V, T). There are two results concerning the weighted L 2 -Betti numbers 

of(v,r). 

(a) (Theorem 17.21) . Suppose q is "large" in the sense that it does not lie 
in the region of convergence for the growth series of any component 
group V s . Then 

Llb n {V)= b l (Kj,dKj).LlV(Vj), 

i+j=n 

JeS 

(b) (Theorem 17. 7p . For V as above and q "small" in the sense that it 
lies in the convergence region of each V s , then 

L\b\V) = L 2 p b*(W), 

where the multiparameter p for W is defined by p s = V s (q) — 1. 

The calculations in (1), (2), (3a), (3b) and (4a) follow a similar line. 
They are based on the spectral sequence developed in §2J In all cases we are 
computing some type of cohomology of a CW complex Y, which is covered 
by a family of subcomplexes {Yj} Je s(w,s), indexed by S(W, S). For a fixed 
j, the E*{ 3 terms of the spectral sequence form a cochain complex for a 
nonconstant coefficient system on K, which associates to a simplex o of K 
with minimum vertex J the group H^{Yj). We first show that the spectral 
sequence decomposes at E 2 as a direct sum, with a component for each 
J G S(W, S), and with the J-component consisting of a cochain complex of 
the form C*(Kj,dKj) with some constant system of coefficients. We then 
show the spectral sequence collapses at E 2 . 

Since ZG is a G-bimodule, both sides of the formulas in (la), (2a) and 
(3a) are right G-modules. One can ask if these formulas give isomorphisms 
of G-modules. The spectral sequence argument shows that this is indeed the 
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case. Moreover, since the right hand side of each formula is finitely generated 
as a G- module, so is the left hand side (cf. [II]). In general, if we change the 
GiH n {— ) on the left hand side to H n (—), then these formulas do not give 
isomorphisms of G-modules. For example, (3a) is not valid after this change 
in the case where G is the free product of two infinite cyclic groups (cf.|14[ 
Example 5.2]). However, the possibility remains that after dropping the Gr's, 
both sides of these equations are still isomorphic as Z-modules, which leads 
us to the following question. 

Question. On the left hand sides of the the formulas in (la), (2a) and (3a), 
is GrH n (—) always isomorphic to H*(—) as an abelian group? 

The calculations in (3c), (3d) and (4b) come from a different direction 
based on [13] and [15] . In particular, the proof of (4b) uses an argument, 
similar to one in [15], relating the ordinary L 2 -cohomology of a building to 
the weighted L 2 -cohomology of its Coxeter system. 

1 Basic definitions 

1.1 Coxeter groups, Artin groups, buildings 

Throughout this paper, we will be given as data a simplicial graph T with 
finite vertex set S and edge set, Edge(r), together with a labeling of the edges 
by integers > 2. The label corresponding to {s,t} G Edge(r) is denoted by 
m(s, t). These data give a presentation of a Coxeter group W with generating 
set S and relations: 

s 2 = 1, (st) m(s '* } = 1, for all s G S and {s,t} G Edge(r). 

The pair (W, S) is a Coxeter system; T is its presentation graph. These 
same data determine a presentation for an Artin group A with generating set 
{a s } sg 5 and relations, 

a s a t ■ ■ ■ = a t a s • • • , for all {s, t} G Edge(r), 

where there are m(s,t) terms on each side of the equation. Given a word 
s = (si, . . . , s n ) in S, its value is the element w(s) of W defined by 

w(s) := si ■ ■ ■ s n . 
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The word s = (s\, . . . , s n ) is a reduced expression if s is a word of minimum 
length for its value. The pair (Wj, J) is also a Coxeter system (cf. [TTJ 
Thm. 4.1.6]). For any J C S, the special subgroup Wj is the subgroup 
generated by J. The subset J is spherical if \Wj\ < oo. Let S(W, S) denote 
the poset of spherical subsets of S. The nonempty elements of S(W, S) 
form an abstract simplicial complex L(W, S), called the nerve of the Coxeter 
system. (Vert(L(W, S)) = S and a nonempty subset JC5 spans a simplex 
if and only if it is spherical.) 

Given a subset I C S, an element w 6 If is I -reduced if > /(m;) for 
all s E I. For / C J C S, let be the subset of all /-reduced elements in 
the special subgroup Wj. (For example, W] = Wj and Wj = {1}.) 

A chamber system over a set S is a set C (of "chambers") and a family of 
equivalence relations {~ s }ses on C indexed by S. (There is one equivalence 
relation for each s G S.) An s-equivalence class is an s-panel. Distinct 
chambers C,D G C are s-adjacent if they belong to the same s-panel. A 
gallery in C is a sequence C = (Co, . . . , C n ) of adjacent chambers. Its type 
is the word s = (si, . . . , s n ) in S where the i th letter of s is Sj if Cj_i be 
Sj-adjacent to Cj. A building of type (W, S) is a chamber system C over S 
equipped with a function 5 : C x C —¥ W (called a We?// distance) such that 

(1) Each panel contains at least two elements. 

(2) Given a reduced expression s and chambers C,D G C, there is a gallery 
of type s from C to D if and only if S(C, D) = w(s). 

(The above definition of building is due to Ronan and Tits, a variant can be 
found in [TJ.) The building C is locally finite if each panel is finite. 

Example. A Coxeter group W can be given the structure of a chamber 
system by declaring the s-panels to be the left cosets, wW s , where W s (= 
W{ s }) is the cyclic group of order two generated by s. Define 5\y : W x W — > 
W by 8(w, w') = w~ x w' . Then (W, 5\y) is a building, called the standard thin 
building of type (W, S). 

Given a building (C, 5) of type (W, S) and a subset J of S, the J -residue 
containing a chamber C is the subset Rj{C) C C defined by 

Rj(C) := {DeC\8(C,D)eWj}. 

In other words, a J-residue is a "J-gallery connected component of C." If 
J = 0, then a J-residue is simply a chamber and if J has only one element, 
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then a J-residue is a panel. In the standard thin building (W, Sw), a J- residue 
is a left coset of Wj. 

1.2 Posets, simplicial complexes, flag complexes 

Suppose L is a simplicial complex with vertex set S and let S(L) denote the 
poset of (vertex sets of) simplices in L (including the empty simplex). If J is 
the vertex set of a simplex a in L, then denote by Lk( J, L) (or simply Lk( J) 
when L is understood), the link of a in L. The abstract simplicial complex 
Lk(J) has one simplex for each element of <S(L)>j (= {J' G S{L) \ J' D J}). 

A simplicial complex L is a /?ag complex if any finite, nonempty set of 
vertices, which are pairwise connected by edges, spans a simplex of L. A 
simplicial graph T determines a flag complex, L(T): its simplices are the 
finite, nonempty sets of vertices which are pairwise connected by edges. 

Suppose V is a poset. There is an abstract simplicial complex Flag("P) 
with vertex set V and with simplices the totally ordered, finite, nonempty 
subsets of V . We note that Flag(P) is a flag complex. Given a simplex 
a G Flag("P), its least element is its minimum vertex and is denoted by 
min(a). If L is a simplicial complex, then Flag(5(L)>0) can be identified 
with the barycentric subdivision of L. Similarly, Flag(5(L)) is the cone on 
the barycentric subdivision of L. (The empty set provides the cone point.) 

1.3 Davis complexes and Salvetti complexes. 

Let M be a topological space. A mirror structure on M over a set S is a 
family of subspaces {M s } seS indexed by S; M s is the s-mirror of M. If M is 
CW complex and each M s is a subcomplex, then M is mirrored CW complex. 
For each x G M, 

S(x) := {s G S | x G M s }. (1.1) 
If M is a mirrored CW complex and c is a cell in M, then 

S(c) :={seS\cC M s }. 

Given a building C of type (W, S) and mirrored CW complex M over S, 
define an equivalence relation ~ on C x M by (C, x) ~ (C, rr') if and only 
if x = x' and C, C belong to the same S'(x)-residue. Give C the discrete 
topology, C x M the product topology, and denote the quotient space by 

B(C,M) := (C x M)/ ~ (1.2) 
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and call it the M -realization of C. When C is the standard thin building W, 
put 

U(W, M) := B(W, M) (1.3) 
and call it the M -realization of the Coxeter system (W,S). 

Remark. In our previous work, e.g., in [IT], we used the notation 14 ( , ) to 
denote a topological realization of either a building or of a Coxeter system. 
However, in what follows we will study Coxeter systems (V, T) which will 
also have the structure of a RAB over an auxiliary RACS (W, S) and we 
will want to distinguish the two types of realizations of (V, T) (either as a 
Coxeter system or as a building). 

The mirror structure is W -finite if S(x) is spherical for each x G M. (In 
this paper we shall always assume this.) When this is the case, 14 (W, M) 
is a locally finite complex and similarly, if C is locally finite building, then 
B(C, M) is a locally finite complex. 

We will use the following notation for unions and intersections of mirrors, 
for any J C S, put 

Mj:=f]M s , M J :={jM s . (1.4) 

Also, we will write dMj for the subset of Mj consisting of all points x G M 
such that S(x) is a proper subset of J. 

As in §1.2[ S(W, S) (or simply S) is the poset of spherical subsets of 
S (including the empty set). The geometric realization of this poset is the 
simplicial complex Flag(<S(W, S)). We denote it by K(W, S) (or simply K) 
and call it the Davis chamber. Most often we will want to take M = K. One 
gets a mirror structure on K by defining K s to be the geometric realization 
of the subposet 5>{s}. Then U(W,K) is the Davis complex and B(C,K) is 
the standard realization of B. By construction, the H^-action on U(W,K) 
is proper (i.e., each isotropy subgroup is finite) and the quotient space K 
is a finite complex, hence, compact. Moreover, 14(W, K) is contractible (by 
[TT| Thm. 8.2.13]). Note that for any J G S, the subcomplex dKj is the 
barycentric subdivision Lk(J) (the link in L of the simplex with vertex set 
J). Also, Kj is the cone on dKj (i.e., Kj = Cone(Lk( J))). 

The Salvetti complex. Let A be the Artin group associated to (W, S) and 
let q : A — y W denote the natural homomorphism sending a s to s. There is a 
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set-theoretic section for q, denoted hy w t-^- a w , defined as follows: if si • • • s n 
is any reduced expression for w, then a w := a si ■ ■ ■ a Sn . As explained in [SJ p. 
602], it follows from Tits' solution to the word problem for Coxeter groups 
that w t-^- a w is well-defined. 

Define a partial order on W x S by (w, I) < (v, J) if and only if / < J and 
v^w G Wj (where Wj was defined in §l.ip . It is proved in [S] that W x S 
is the poset of cells of a cell complex A' on which W acts freely so that each 
cell of A' is a Coxeter cell. (FlagfW x S) is the barycentric subdivision of 
X'.) The quotient space X := X'/W is the Salvetti complex of (W, S). It is 
known that tt\(X) = A. The universal cover of X is denoted by X. For each 
(w, J) G W x iS>, the flag complex on (W x 5)<(™,j) can be identified with the 
barycentric subdivision of a Coxeter cell of type {Wj). (A Coxeter cell of type 
Wj means the convex hull of a generic orbit in the canonical representation 
of Wj] see [TTJ §7.3].) So, X' (or X)) can be given the structure of a CW 
complex where the cells are Coxeter cells. In particular, each vertex of X' 
corresponds to an element of W x S of the form (w, 0) and each 1-cell of X' 
corresponds to an element of the form (w, {s}). Orient this edge by declaring 
(w, 0) to be its initial vertex and (ws, 0) its terminal vertex. Since the In- 
action preserves edge orientations, these orientations pass to the edges of X. 
Call a vertex x of a cell C of X a top vertex of C if each edge of C which 
contains x points away from x (cf. pTTj §7]). One can then explicitly describe 
CW structure on X as follows. For each J G S, take a Coxeter cell Cj of 
type Wj. Now for each I < J and each u G Wj glue together Cj and uCj 
via the homeomorphism induced by u. The result is denoted Xj. (It is the 
Salvetti complex for Aj and therefore, a K(Aj,l).) To construct X, start 
with the disjoint union of the Xj, for J G S, and then use the natural maps 
to identify Xj with a subcomplex of Xj whenever I < J. This description 
exhibits A as a "poset of spaces over S" (as defined in §2]). On the level of 
fundamental groups we know that the inclusion Xj — > X induces the natural 
injection Aj — > A and that the associated "simple complex of groups" is the 
one discussed in [SI §3] . Similarly, for each J G S, let Xj denote the inverse 
image of Xj in A. (Aj is a disjoint union of copies of the universal cover 
Aj, one copy for each coset of Aj in A.) Thus, A also has the structure of 
a poset of spaces over S. 

In the right-angled case, the Salvetti complex has a simple description as 
a subcomplex of a torus (and we will denote it by Tl instead of A). Let T s 
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denote the S'-fold product of copies of S 1 . Define 



T L := |J T J . 



(1.5) 



(This is a special case of the "polyhedral product" construction discussed in 
the next subsection and in [2], [20].) According to [9J, its universal cover T L 
is a CAT(0)-cubical complex and hence, is contractible. 

1.4 Graph products of groups and spaces 

As in the Introduction, T is a simplicial graph and suppose each edge is 
labeled 2. Also, S = Vert(r), L is the flag complex determined by T and 
(Wl, S) is the associated RACS. (We shall generally reserve the notation 
Wl for the case when the Coxeter group is right-angled with nerve L and 
similarly, Al for the RAAG associated to L.) Suppose {G s } se s is a family 
of groups indexed by S. The graph product of the G s , denoted rir^s' * s 
the quotient of the free product of the G s , s G S, by the normal subgroup 
generated by all commutators of the form, [g s ,g t ], where {s,t} G Edge(r), 
g s G G s and g t G G t - For example, if Edge(r) = 0, then FJ r G s is the free 
product, while if T is the complete graph on S, then FJ r G s is the direct sum. 

Suppose G = Y\r G s - We want to see that G has the structure of a RAB 
of type (Wl, S). The group G can be given the structure of a chamber system 
as follows: the s-panels are the left cosets gG s , with g G G. Write G* for 
G s — {1}. The projections G* t— > s induce a map (not a homomorphism) 
n : G — > Wl, as follows: any element g G G can be written as g si ■ ■ ■ g s „, 
with g Si G G*. so that Si • • • s n is a reduced expression for an element w G W. 
Moreover, w depends only on g. The map it sends g tow. The Weyl distance 
5 : G x G — > Wl is defined by 5(g,h) = ir(g~ l h). The following lemma is 
easily checked. 

Lemma 1.1 (pU Ex. 18.1.10]). (G, 5) is a building of type (W L ,S). 

Polyhedral products. Suppose, for the moment, that S is the vertex set 
of an arbitrary simplicial complex L. Let {(Z Sl A s )} s& s be a family of pairs 
of spaces indexed by S. For each J G S(L), let Zj be the subspace of the 
product rLes consisting of all S'-tuples (x s ) s£ s such that 
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The polyhedral product of this family, denoted 7Tl(Z s , A s ), is defined to be 
the following subspace of Ylses 



(This terminology comes from [2]. In [20] it is called a "generalized moment 
angle complex.") 

Example 1.2. Suppose each (Z S ,A S ) = ([0,1], 0). Then 7Tl([0, 1],0) can 
be identified with Flag(5(L)) in such a fashion that a standard subdivision 
of each cube in the polyhedral product is a subcomplex of Flag(5(L)). In 
particular, if L is the nerve of a RACS, then 7Tl([0, 1],0) = K, the Davis 
chamber from §1.31 

Graph products of spaces. We return to the assumption that L is the 
flag complex determined by T. 

Example 1.3. Suppose each (Z S ,A S ) = (Cone(G s ),G s ) for a family of dis- 
crete groups {G s } se ,s. The group G s acts on Z s = Cone(G s ) and A s = G s is 
an invariant subspace. Let G' := rises ^ s denote the direct product. Then G' 
acts on rises ^ s anc ^ '■= 7TL(Cone(G s ), G s ) is an invariant subspace. The 
quotient space Z'/G' can be identified with the chamber K = 7Tl([0, 1],0) 
of the previous example. It is proved in [12] that the universal cover of Z' is 
the standard realization of a RAB. In particular, the group G of all lifts of 
elements in G' is the graph product, G = rir^s- ^n explanation for this, 
which is different from that in [12] , is given in the following lemma. 

Lemma 1.4. With notation as in Example \1.3[ the fundamental group of 
Z' = 7TL{Cone(G s ),G s ) can be identified with the kernel of the natural sur- 
jection G = Ylr^s — > G' — Y\ S&S G S - Moreover, if Z — > Z' is the cor- 
responding covering space, then the G '-action on Z' lifts to a G-action on 



Proof. First consider the special case where S consists of two elements s 
and t and T has no edges. Then Cone(G s ) x Cone(Gj) is a 2-complex and 
the polyhedral product Z' is the union of 1-cells which do not contain the 
product of the cone points. Such a 1-cell either has the form Cone(g s ) x g t 
or g s x Cone(g t ) for some (g s , g t ) G G s x G t . These two 1-cells fit together to 




(1.6) 



JeS(L) 



Z. 
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give a single edge e(g 8 , g t ) := (Cone(g s ) x g t ) U (g a x Cone(# t )) connecting g t to 
g s . In this way we see that Z' is identified with (the barycentric subdivision 
of) the join of G s and G t , which we denote G s G t - The group G s x G t 
acts on G s Gt and the vertex stabilizers are either G s or Gt- The universal 
cover of G s G ( is a tree T. The group of all lifts of the (G s x G t )-action 
is transitive on edges, and the quotient space is a single edge (with distinct 
vertices). Hence, the group of lifts is the free product G s * G t and T is the 
corresponding Bass-Serre tree. 

The general case follows in the same manner by considering the universal 
cover of the 2-skeleton of Z' . □ 

Next suppose that for each s E S we are given a path connected G s - 
space Z s and a basepoint b s e Z s lying in some free orbit. We can find a 
G s -equivariant map of pairs f s : (Z s ,G s b s ) — > (Cone(G s ), G s ). We want to 
define a space Yl T (Z s ,G s b s ), together with a G-action on it (where G := 
flpGs). It will be called the graph product of the (Z s ,G s b s ). The f s induce 
a map, well-defined up to G"-equivariant homotopy, / : 7Tl(Z s ,G s & s ) — > 
7TL(Cone(G' s ), G s ). It is easy to see that / induces a surjection on funda- 
mental groups. Pulling back the universal cover of 7TL(Cone(G s ), G s ), we get 
a covering space, Z — > 7Tl(Z s , G s b s ). We use the notation Hr(^' G s bs) '■= Z 
for this covering space. Notice that the G'-action on 7TL(Z s ,G s b s ) lifts to a 
G-action on Z. Also, notice that if each Z s is simply connected, then Z is 
just the universal cover of the polyhedral product. 

Example 1.5. Suppose {(B s ,p s )} s£ s is a collection of path connected spaces 
with base points and that B = 7Tl(B s ,p s ) is the polyhedral product. For 
each s G S, let n s : Z s — > B s be the universal cover and let G s = iri(B s ,p s ). 
Let Z' denote the polyhedral product 7Tl(Z s , vt^ 1 ^)). Then Z' — > B is a 
regular covering space with group of deck transformations G' (the product 
of the G s ). It follows that the universal cover of Z' can be identified with 
the graph product of the (Z s , vr" 1 ^)). Hence, ni(B) is the graph product 
of the G s . 

Example 1.6. Suppose Z s = EG S , the universal cover of the classifying 
space BG S . A simple argument using induction on the number of elements 
of S (cf. [H Remark p. 619]) shows that the polyhedral product of the 
(BG s ,p s ) is aspherical; hence, it is a model for BG and its universal cover 
U r {EG s ,G s b s ) is EG. 
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Lemma 1.7. (i) If each G s acts properly on Z s , then G acts properly on the 
graph product Y\ T {Z S , G s b s ). 

(ii) If each Z s is acyclic, then so is Y\ T {Z Sl G s b s ). 

Proof. The proof of (i) is trivial. To prove (ii), consider the cover of Z (: = 
J| r (Z s , G s b s )) by components of the inverse images of the {Zj} JeS ( L y By the 
Kiinneth Formula, each Zj is acyclic and the same is true for each component 
of its inverse image (since such a component projects homeomorphically) . 
There is a similar cover of n r (Cone(G s ), G s ) with the same nerve. So, Z 
and n r (Cone(G s ), G s ) have the same homology. Since n r (Cone(G s ), G s ) 
is the standard realization of a building, it is contractible; hence, acyclic. 
Statement (ii) follows. □ 

Remark. Probably the correct level of generality at which to define the 
graph product of a family of pairs of spaces is the following. Suppose we 
are given a family of pairs {(Z s , A s )} s( zs, where each Z s is path connected 
and where A s is a not necessarily connected, closed nonempty subspace. 
Then rj r (Z<j,A s ) can be defined in the following manner. First notice that 
Example 11.31 works when the discrete groups G s are replaced by discrete 
spaces D s . Let H denote the fundamental group of 7TL(Cone(D s ), D s ). 
If D s = no(A s ) denotes the set of components of A s , then, as before, we 
have maps f s : (Z S ,A S ) — > (Cone(D s ), D s ). The f s induce a map / : 
7Tl(Z s , A s ) — >• 7TL(Cone(.D s ), D s ). Moreover, the induced map of funda- 
mental groups /* : 71i(7Tl(Z s , A s )) — )• H is surjective. The corresponding 
covering space Z is called the graph product of the (Z S ,A S ) and is denoted 
by rir(^; A s )- (Notice that if each A s is connected, then the graph product 
is the polyhedral product, 7Tl(Z s , A s ).) In particular, this allows us to deal 
with the case where each A s is a G s -orbit (not necessarily a free G^-orbit). 
So, suppose A s = G s /H s . Then the group of lifts of the G'-action to the 
universal cover of 7TL(Cone(G s /if s ), G s /H s ) is the "graph product of pairs," 
Y\ r (G s , H s ), defined previously in [25J. 

2 A spectral sequence 

A poset of coefficients is a contravariant functor A from a poset V to the 
category of abelian groups (i.e., it is a collection {A a } a er of abelian groups 
together with homomorphisms ifb a '■ A a — > A.b, defined whenever a > b, 
such that ip ca = ip c b(Pba, whenever a > b > c). The functor A also gives 
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us a system of coefficients on the cell complex Flag('P): it associates to the 
simplex a the abelian group *4 m i n (o-)- Hence, we get a cochain complex 

C'(Flag(P);.A):= A min(a) , (2.1) 

<reFlag(P)(j) 

where Flag('P)^ means the set of j-simplices in Flag("P). 

Given a CW complex Y, a poset of spaces in Y over "P is a cover V = 
{Yajaer °f ^ by subcomplexes indexed by "P so that if iV(V) denotes the 
nerve of the cover, then 

(i) a < b ==>- Y a C Y b , and 

(ii) the vertex set Vert (a) of each simplex of N(V) has the greatest lower 
bound Act in V, and 

(iii) V is closed under taking finite nonempty intersections, i.e., for any 
simplex a of N(V), 

f)Y a = Y Aa . 

ado 

Remark. Any cover leads to a poset of spaces by taking all nonempty in- 
tersections as elements of new cover, and removing duplicates. The resulting 
poset is the set of all nonempty intersections, ordered by inclusion. 

Lemma 2.1 (cf. [23]). Suppose V = {F a } ae -p is a poset of spaces for Y over 
V. There is a Mayer-Vietoris type spectral sequence converging to H*(Y) 
with Ei-term: 

E^ = C\F\ ag (V);W(V)), 

and E2-term: 

E? = H\Fl ag (V);W(V)), 
where the coefficient system W{V) is given by W(V)(a) = H j (Y min ^) . 

Proof. We follow the line laid down in [6j Ch. VII, §3,4]. Consider the fol- 
lowing double complex: 

Eo'= &(Y min{a) ), (2.2) 

o-eFlag(-p) 
dim u=i 
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where the differentials are defined as follows. The vertical differentials are 
direct sums of the differentials d : C , - ? (y min ( CT )) — > C J+1 (F min ( CT )). Similarly, the 
horizontal differentials are direct sums of homomorphisms 5 : C J (3^nin(cr) ) — > 
C' 7 (^min(r)) where the matrix entry corresponding to err is [r : cr]i Ta , where 
[r : a] is the incidence number and % Ta : C^(Y min ^) — > C- ? (y min ( r )) is the 
restriction map if r is a coface of a and otherwise. As in [BJ p. 165], there are 
two spectral sequences associated to the double complex. The first begins by 
taking vertical cohomology to get E\ and then takes horizontal cohomology 
to get E2. The differential on the E r sheet has bidegree (r, — r + 1). The 
second spectral sequence begins with the horizontal differential so that the 
differential on the E r sheet has bidegree (— r + l,r) 

The usual inclusion-exclusion argument using properties (i)-(iii) of a 
poset of spaces shows that the rows of the double complex are exact, ex- 
cept when i = 0, where we get C^(Y) as the E^-term of the second spectral 
sequence. This implies that the second spectral sequence collapses at E 2 and 
that the cohomology of the double complex is H*(Y) (cf. the exercise in j6l 
p.165]). 

We can rewrite (T22D as E* J = C i (Flag(P); C J (V)), where the coefficient 
systems are defined by C J (V)(cr) = C- ? (F m i n ( cr )). So, the first spectral sequence 
is the one claimed in the lemma. □ 

For a G V, let Y <a := Ub<a^>- ^ or an y maximal element a £ V, put 
Y-L a := Ub^a ^6- Consider the following two conditions on the poset of spaces. 

(Z') For any a,b G V with b < a, the induced homomorphism H*(Y a ) — > 
H*(Yb) is the zero map. 

(Z) For any a G V, the induced homomorphism H*(Y a ) — > H*(Y <a ) is the 
zero map. 

Note that (Z) implies (Z') since the map H*(Y a ) — > H*(Yf ) ) factors through 
H*(Y <a ). 

Lemma 2.2. Suppose V = {Y a } ae -p is a poset of spaces for Y over V . 
(i) If (Z') holds, then 

E l 2 j = 0^(Flag(P> a ),Flag(P >a );^(F a )). 
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(ii) If (Z) holds, then the spectral sequence degenerates at E 2 and 
GtH*(Y) = 0^(Fl ag (P> a ),Flag(P >a );^(y a )). 

Proof. We use the double complex from the proof of Lemma 12. II The cochain 
group decomposes direct sum: 

C 4 (Flag(nC J (V)) =®C i (F]ag(P> a ),F] a g(P >a y,Cl(y a )). 

aeV 

The vertical differentials at E respect this decomposition, so at E\ the spec- 
tral sequence always decomposes clS db direct sum: 

= 0^(Flag(P> a ),Flag(P >a );^(F a )). 

In general, the differentials at E\ do not respect this decomposition; however, 
condition (Z') implies that they do, and therefore, the spectral sequence also 
decomposes at E 2 : 

Etf = iP(Flag(P> a ), Flag(P >a ); W{Y a )). (2.3) 

aeV 

This proves (0). 

Now suppose (Z) holds. By induction, we can assume that On} is true 
for all posets with fewer elements. If z £ E^ 3 is a vertical cocycle, then its 
higher differential is given by d r (z) = 5(x r ), where (xo = z, X\, . . . , x r ) is any 
sequence of elements satisfying %k £ E!^ k,3 ~ and 5(xk) = d(xk+i)- Since the 
columns of double complex split as direct sums over a, the vertical cocycles 
split as a direct sum, and it suffices to show that higher differentials vanish 
for each summand. So, let a be a simplex in Flag('P), and consider the term 
C 3 (Y min ^). There are two cases. 

1) a is a face of a simplex r with min(r) = min(er). Then i Ta is the identity 
map and this forces higher differentials to be trivial on this term. Indeed, 
if z £ C 3 (Y min ^) , then d(xi) = S(z), and therefore d(xi T ) = ±z, where X\ T 
denotes the r component of X\. Thus we can choose x[ = ±5(i~^(xi T )) and 
all higher Xk = 0. 

2) a is a "maximal" face, i.e., all its cofaces have strictly smaller minimum 
vertices. Then a = max(cr) is a maximal element of P. The cover of Y^ a by 
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{Y b | b 7^ a} is a poset of spaces over V^ a . Let £o, a be the sub complex of E 
corresponding to the pair (Y, Y^ a ): 

Ki= ^(y min(T) ). 

max("r)=a 
dim r=i 

Note that C-^l^-) is contained in this subcomplex, so it suffices to show that 
the higher differentials vanish for E ^ a . The pair (Y, Y^ a ) excises to the pair 
(Y a ,Y <a ). So we have a short exact sequence: 

— > E 0:a — > E 0: < a — > E 0:<a — > , 

where 

E 0?<a = C j (Y nlin ( T )) , 

rgFlag(P< a ) 
dim r=i 

and 

^0,<o = C^ J '(^nin(r))- 

r€Flag(P<„) 
dim T=i 

are double complexes corresponding to the covers (posets of spaces) of Y a by 
{Y b | b < a} and of Y <a by {F 6 | b < a}. 

The E 2 terms of the spectral sequences E< a and are 

E 2ka = 0^(Flag(P[6,a]),Flag(7>(6,a]);^(n)), 

and 

4<a = ^(Flag(P[6, a)), Flag(7>(6, a)); fP(y 5 )). 

For b < a, Flag([6, a]) is a cone on Flag((6, a]); therefore, the only nonzero 
terms in E 2 < a come from b = a and i — 0, i.e., i?2,<a has W{Y) in the 
0-row and everywhere else. In particular, it collapses at E 2 . By inductive 
assumption E 2 , <a also collapses at E 2 . Since, by hypothesis, H*{Y a ) — > 
H*(Y <a ) is the 0-map, the long exact sequence of the pair (Y a ,Y <a ) splits 
into short exact sequences, and similarly for the E 2 terms, it follows that the 
spectral sequence E a also collapses at E 2 term. Thus, the higher differentials 
in E are 0. □ 
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3 Some previous cohomology computations 



Suppose G is a discrete group and Y is a G-CW complex. Let N be a left 
G- module. The G-equivariant cochain complex is defined by, 

Ch(Y;N) :=Rom G (C t (Y);N), 

where C*(Y) denotes the usual cellular chain complex. Its cohomology is 
denoted H G (Y; N). If G acts freely on Y, then C G (Y] N) can be identified 
with C*(Y/G; N), the cellular cochains on the quotient space with local co- 
efficients in N. There is a similar result even when the action is not free; 
however, the coefficients will no longer be locally constant. Rather, the co- 
efficients will be in a contravariant functor I(N) from the poset of cells in 
Y/G to the category of abelian groups: T(N) assigns to a cell c the fixed 
submodule N Gc , where G c denotes the stabilizer of some lift of c and where 

C G {Y) = C\Y/G ] 1{N)). (3.1) 

For Y = EG, the universal cover of the classifying space BG, define the 
cochains and cohomology of G with coefficients in N by 

C*{G; N) := C* G {EG; N) = C*(BG; N), 
H*(G; N) := H G (EG; N) = H*(BG; N). 

The spectral sequence arguments from §2] work with equivariant cochains 
(in particular with cochains with local coefficients) as long as the cover V is 
G-equivariant. 

In what follows we will be interested principally in two cases: iV = ZG, 
the group ring, and iV = J\f(G), the group von Neumann algebra. We recall 
the definitions and some results which have been proved previously. 

Group ring coefficients. In the case of group ring coefficients, if G acts 
properly and cocompactly on Y, there is the following formula (cf. [HI Ex. 4, 
p. 209]), 

H G (Y;ZG)=H* C (Y), 

where H*(Y) means cohomology with compact supports. Thus, Lemma [1.71 
implies the following. 
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Corollary 3.1. For each s G S, suppose G s is a discrete group and that 
(Z s , G s b s ) a G S -CW complex together with a free orbit. Also suppose each G s - 
action is proper and cocompact and that Z s is acyclic. Then for G = Y\ r G s 
and Z = Y[ r (Z s ,G s b s ), we have 

H*{G- ZG) = H*{Z). 

The cohomology of Coxeter groups are computed as follows. 

Theorem 3.2 ([TO] as well as [H]). 

H n (W; ZW) = H™(U(W, K)) = H n (K, K S ~ J ) ® A(W) J , 

J£S(W,S) 

where A(W) J is the free abelian group on the set of w G W which have 
reduced expressions ending with letters in J. 

Using this, Jensen and Meier proved the following. (A different proof of 
this will be given in §4.11 ) 

Theorem 3.3 (Jensen-Meier [26J). Suppose (W, S) is a RACS and Al is 
the associated RAAG. Then 

H n \A L -ZA L )= H n -\ J \{Kj,dKj)®Z{A L /Aj). 
JeS(w,S) 

Theorem 3.4. ([131 Corollary 8.2]). Suppose C is a locally finite building of 
type (W, S). Then 

E n c {E{W, K)) = H n (K, K s - J ) ® A(C) J , 

J£S(W,S) 

where A(C) J is a certain subgroup of the free abelian group on C. 

In particular, by Lemma fTTTI this theorem gives the following computation 
of [13] of the compactly supported cohomology of a locally finite RAB and 
hence, of the cohomology with group ring coefficients of the graph product 
of a collection of finite groups. 

Theorem 3.5 ([HI Theorem 6.6]). Suppose {G s } s< zs is a collection of finite 
groups and that G = Ylr G s ■ Then 

H n {G;ZG)= H n {K,K s ~ J ) g)i(J), 
JeS(L) 

where A(J) is a certain (free abelian) subgroup ofZ(G/Gj). 
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L 2 -cohomology and L 2 -Betti numbers. The real group algebra, RG, of 
G consists of all finitely supported functions G — > R. Its standard basis is 
{e g } g( zG, where e g denotes the indicator function of {g}. The standard inner 
product on RG is defined by e g ■ et = o~ g h, where 5 g h is the Kronecker delta. 
The Hilbert space completion of RG, denoted L 2 (G), consists of all square 
summable functions G — > R. The group G acts orthogonally on L 2 (G) by 
either left or right translation. To fix ideas, let us say that it is the right 
action defined by left translation. The von Neumann algebra of G, denoted 
by A/"(G), is the commutant of the G-action. It acts on L 2 (G) from the left. 
For ip e M{G), define 

tr.A/-(G)(» := [<pei) • (ei). 

If V is a closed G-stable subspace of a finite direct sum of copies of L 2 (G), 
then its von Neumann dimension is defined by 

dim AA ( G ) V : = tr^ (G) (pv), 

where pv '■ ®L 2 (G) — > ©L 2 (G) is orthogonal projection onto V. 

Suppose the G-CW complex Y is proper and cocompact. Define L 2 C*(Y) 
to be the cochain complex of real- valued, square summable cochains on Y . 
Denote its reduced cohomology group by L 2 H*(Y). (Here "reduced" means 
Ker 5/lmS, where 5 : L 2 C l (Y) — > L 2 C l+l {Y) is the coboundary operator. 
It is necessary to take the closure of lm.8 for the quotient to be a Hilbert 
space.) Define the i th L 2 -Betti number by 

L 2 b\Y;G) := &m N{G) L 2 H\Y). 

If Y is acyclic, then L 2 H l {Y) depends only on G and is denoted by L 2 H l (G) 
and similarly, L 2 b l (G) := L 2 b l {Y\ G). Thus, Lemma IT7H implies the following. 

Corollary 3.6. For each s 6 S, suppose G s is a discrete group and that 
(Z s , G s b s ) a G S -CW complex together with a free orbit. Also suppose each G s - 
action is proper and cocompact and that Z s is acyclic. Then for G = Ylr G s 
and Z = Ylri^s, G s b s ), we have 

L 2 b*{G) = L 2 b l {Z-G). 

The L 2 -Betti numbers of Coxeter groups have proved to be difficult to 
compute. Some partial results and conjectures can be found in [TH]. For 
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locally finite buildings of very large thickness there is a complete calculation 
due to Dymara-Januszkiewicz [22] • The requirement on the thickness is 
reduced in [15] (cf. Theorems 16.31 and 16.41 in §6.2p . 

In the case of Artin groups, we have the following easy computation of 
[PT] . (A proof of this will be given in the next section.) 

Theorem 3.7 Q17J). L 2 b n (X; A) = b n {K,dK) = T'\l), where, as usual, 
b n {K,dK) = dim(H n (K,dK;R)) andT' 1 ^) = dim(H n ~\L; R)). 

In [2H], Luck shows that there is an equivalence of categories between the 
category of finitely generated A/"(G)-modules and the category of orthogonal 
representations of G on Hilbert spaces which are G-isomorphic to closed, te- 
stable subspaces of a finite direct sum of copies of L 2 (G). Given a finitely 
generated A/"(G)-module E, define dim A r( G ) E to be the von Neumann dimen- 
sion of the corresponding Hilbert space. Then 

L%\Y-G) = &im M{G) H G (Y;M(G)). 

Just as in (13. ip . we have that 

H* G {Y-N{G)) = H*(Y/G-I{N{G))). (3.2) 

4 Computations 
4.1 Artin groups 

As in §1.3[ A is the Artin group associated to a Coxeter system (W, S) 
and X is its Salvetti complex. As usual, L = L(W, S), S = S(W,S) and 
K := Flag(iS). We wish to compute H*(X; ZA). Given a spherical subset 
J G S, Aj is the corresponding Artin group and Xj is its Salvetti complex. 
We know that Xj is the classifying space for Aj. By [29] (see also [3]), for 
each spherical subset J, A j is a duality group of dimension |J|. This means 
that H*(Aj; ZAj) is zero for * ^ \ J\ and that Fj := H^(Aj; ZAj) is free 
abelian. 

As explained in §1.3} the cover V = {Xj} JeS is a poset of spaces for 
X. In the case of group ring coefficients, we have a spectral sequence of 
the type considered in ^converging to H*(X; ZA). It has E2 term: Elf = 
H\K]Wiy)), where W(V) is the coefficient system, a v+ iP(X min(T ; ZA),. 
By Lemma |2~2| once we establish condition (Z) of Sj2]we will get the following 
calculation. 
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Theorem 4.1. 

QiH n {X-ZA)= H n -\\Kj,dKj)®H\\Aj;ZA). 
JeS(w,S) 

A similar argument can be used recover the calculation of the L 2 -Betti 
numbers of X in |T7]. (This computation was stated earlier as Theorem 13.71 ) 
The spectral sequence has E\ 3 = H % {K\W (V)), where W(V) is the coeffi- 
cient system a \-t i7*(X mincr ; Af(A)). The key observation in [T7] for proving 
Theorem 13.71 was that for J ^ 0, all L 2 -Betti numbers of Aj vanish. In par- 
ticular, condition (Z) of §2] holds (since all cohomology groups vanish except 
when J = 0). So, E % { 3 is for j ^ while 

E i f = C i {K, dK;Xl(A)), 

where the coefficients are now constant. It follows that H n (X; Af(A)) = 
H n (K, dK) ® N{A) ; whence, Theorem O 

In the case of Theorem 14.11 Condition (Z) is basically the following lemma. 

Lemma 4.2. For any J G S, H*(Xj;ZA) is concentrated in degree \ J\, 
where it is equal to the free abelian group Fj®Aj ZA Hence, H*(Xj; ZA) — > 
H*(X < j; ZA) is the zero map. 

Proof. The first sentence is from [29]. The second sentence follows since Xj 
is a | J | -dimensional CW complex, H*(Xj;ZAj) is concentrated in the top 
dimension and X K j is a subcomplex of one less dimension. □ 

Theorem 14.11 follows immediately from Lemma 12.21 We note that if the 
K(tc, 1) Conjecture holds for A (i.e, if X = BA), then the formula in Theo- 
rem U]T] is a calculation of H*(A; ZA) and Theorem 13.71 gives a formula for 
L 2 b n (A). In particular, since the K(n, 1) Conjecture holds for RAAG's, The- 
orem 14.11 gives as a corollary, a different proof the Jensen-Meier calculation 
in [26] (stated previously as Theorem 13. 3j) . 

4.2 Best vina— Brady groups 

In this subsection Al is a RAAG, Tl is its Salvetti complex defined in (11. 5ft 
and 7T : Al — > Z is the standard homomorphism. We have a 7r-equivariant 
map p : Tl — > R and BBl = Ker ir. Put Zl = p" 1 ^) for some t G R— Z (say 
for t — g). It is proved in [1] that if L is acyclic, then so is Zl- If this is the 
case, BBl is called a Bestvina-Brady group. We can compute equivariant 
cohomology of Zl by the method used in the proof of Theorem. 14.11 
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Theorem 4.3. The compactly supported cohomology of Zl is isomorphic to 
that ofTi shifted up in degree by 1, i.e., 



H n c (Z L ) = H n BBL {Z L -ZBB L ) 

= H n ~W +1 (Kj, dKj) <g> Z(BB L /(BB L n Aj)). 

Je5(L) >0 

When L is acyclic, this is a calculation W{BBl\ ZBBl). 

Proof. We intersect the cover {Tj}j e s(L) of T L with Z L . Put Zj := Z L nTj. 
Since t is not an integer, Z L does not contain any vertices of the cubical 
complex Ti, i.e., Zl H T = 0. On the other hand, when J is nonempty, 
the intersection of Zl with any component of Tj is a Euclidean subspace 
of codimension one and the collection of such intersections is in one-to-one 
correspondence with the cosets of BB L PI Aj in BB L . So, {Zj}j e s(L) >$ is a 
poset of spaces on Z L . The simplicial complex Flag(«S(L)>0) is equal to <9.K" 
(i.e., the barycentric subdivision of L). The E^-term of the spectral sequence 
is C l (K; W(V)), where the coefficient system takes a to H J BBL (Z m i na ; ZBBl). 
Since each component of Zj is Euclidean space of dimension \J\ — 1, the 
coefficients, H BBl (Zj;ZBBl) are whenever j ^ \J\ — 1. Moreover, for 
3 = \J\-h 

H BBl (Zj; ZBB l ) = H J c (R j ) ® B B L nA. } ZBB L = Z(BB L /(BB L PI Aj)). 

It follows that conditions (Z') and (Z) of $2]hold (because Z K j is a subcomplex 
of dimension \J\ — 2). Hence, by Lemma 12.2} the spectral sequence degener- 
ates at E 2 and Elf = ©j Sjj, where fijj is nonzero only for j — \ J\ — 1, in 
which case, 

= dKj) ^ Z ( BBl /( BBl n 

The theorem follows. (We also note that for J ^ 0, it : v4j = Z J — > Z is 
onto, so that BB L /(BB L n Aj) = A L /Aj.) □ 

Similarly, we compute the L 2 -Betti numbers of Zl as follows. 

Theorem 4.4. Suppose Zl is a generic level set of the function p : Tl — > R. 
T/ien 

L 2 b n {Z L -BB L ) = J2b n (K s ,dK s ) = ^^(Lk^)). 

sG5 ses 
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In particular, when L is acyclic, 

L 2 b n {BB L ) = Y J V l (K s1 dK s ). 

ses 

Proof. As before, the E\' J -term of the spectral sequence is C l (K; W(V)), 
where the coefficient system takes a to H^(Z mincT ]Af(BB L )). Since each 
component of Zj is Euclidean space of dimension |J| — 1, the coefficients, 
H*(Zj;M(BBl)) are whenever \ J\ ^ 1. Hence, by Lemma [272| the spectral 
sequence degenerates at E2 and only Elf can be nonzero, where 

= @H i (K s ,dK s ;M{BB L )). 

The theorem follows. □ 

Remark. Here is a different proof of Theorem 14.31 when L is acyclic. Put 
Y + := p _1 ([|,oo)) and F_ := p _1 ((oo,|]). We first claim that the com- 
pactly supported cohomology of Y± vanishes in all degrees. It suffices to 
consider Y + , the argument for Y_ being similar. The arguments of [4] show 
that when L is acyclic the inclusion of any level set p~ l (t) into a sublevel 
set induces an isomorphism on homology. The same argument 

shows that it induces an isomorphism on compactly supported cohomol- 
ogy, H*(p-i([i,t])) H*(p-\t)). Hence, H* c {p-\[\,t]),p-\t)) = 0. Since 
there is an excision, H*(Y + ,p- l {\t,oo))) = ^(^([^t]),^ 1 ^)), the left 
hand side also vanishes. For any compact subset C C Y + we have that 
Y + — C D oo]) for large enough t; so, 

H* C (Y + ) = lim H* c (Y + ,p-\[t,oo))), 

t— too 

and by the previous discussion the right hand side vanishes. Hence, so does 
H*{Y + ). We have Y + U F_ = f L and Y + n F_ = Z L and a Mayer- Vietoris 
sequence: 

= H*{Y+) © H*(Y_) -)• F*(Z L ) -> H* +1 (f L ) -)• 0. 

The theorem follows from the computation of H* +1 (Ti) in Theorem 14.11 (or 
in Theorem 13.31) . 
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Remark. Theorem 13.31 provides a calculation of H*(Al; ZA{) as a sum of 
terms involving the H*~' J '(Kj, dKj), where dKj = Lk(J). In the calculation 
of L 2 -cohomology in Theorem 13.71 only the term with J = enters. Hence, 
under the canonical map, H*(Al;ZAl) — > L 2 H*(Al), all the terms with 
J ^ go to 0. Similarly, in Theorem we calculated H*(BB L ;ZBB L ) 
as a sum of terms involving H*~\ J \ +1 (Kj,dKj). (Since L is acyclic, the 
term with J = does not appear.) On the other hand, in Theorem 14.41 
for L 2 H*(BBl) only the terms with \J\ = 1 occur. So, the canonical map 
H*(BB L ; ZBB L ) ->■ L 2 H*(BB L ) takes all the terms with | J\ > 1 to 0. 

Remark. The cohomology of BB^ with trivial coefficients was computed by 
Leary and Saadetoglu in [27] . 

4.3 Graph products of infinite groups 

As in the Introduction, {G s } s es is a family of groups and G = Ylr^s ^ s 
the graph product with respect to the simplicial graph T. The associated 
flag complex is L. For each J in S(L), Gj denotes the direct product of 
the G s with s e J. In this subsection we shall also suppose that each G s is 
infinite. Put Y = EG. As in Example 11.61 EG is the graph product of the 
(EG s ,G s b s ). The cover V = {X/}jg5(l)) where Yj = G x Gj EGj, is a poset 
of spaces structure for EG. Let N stand for ZG or A/" q (G). The spectral 
sequence of £J2] converges to H*(G; N) and has E 2 term: 



where the coefficient system is given by W(V)(a) = H 3 '(G m i n ^ ; N) . Once 
we verify that Condition (Z) holds, Lemma 12.21 will provide the following 
calculations. 

Theorem 4.5. Let G be a graph product of groups G s , each of which is 
infinite. Then 




H\K;W(V)) 



GrH n (G;ZG)= H\Kj,dKj-W(Gy,Z 



G)). 



JeS(L) 

i-\-j=n 



(Note that W{Gj- ZG) = W{Gj] ZGj) <g> Gj ZG.) 
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Theorem 4.6. Let G be a graph product of groups G s , each of which is 
infinite. Then 

L 2 b n (G)= b\Kj,dKj)-L 2 V(Gj). 

JeS(L) 

i+j=n 

To establish Theorem 14.51 we need to verify conditions (Z') and (Z) (or in 
fact just condition (Z)) which precedes Lemma [2.21 These conditions follow 
from statements (i) and (ii), respectively, in the next lemma. 

Lemma 4.7. Suppose Gj = YlseJ^s ^ s ^ e direct product of a collection 
of infinite groups indexed by a finite set J. Let {Y s } s& j be a collection of 
connected CW complexes with proper G s -actions such that each Y s contains 
a free orbit, G s b s , and put Yj := Yl s&J Y s . As in § for each I C J, define 

y;.= Y[y s x h c s b s . 

sei seJ—l 

Let N stand for either ZGj or M{Gj) . Then 

(i) The map induced by inclusion, Hq (Yj\ N) — > Hq (Yj \ N), is the zero 
map. 

(ii) More generally, if 

y <j ■= U y 'j-* 

seJ 

then the map induced by inclusion, Hq j (Yj; N) — > Hq (Y < j\ N) , is the zero 
map. 

Proof. We shall prove this only in the case N = ZGj, the case iV = Af(Gj) 
being entirely similar. The relative version of the Kiinneth Formula states 
that for pairs of spaces (A, B) and (A', B'), 

H n {{A, B) x (A', B')) = H\A,B-W{A',B')), 

i+j=n 

(where (A, B) x (A', B') = (Ax A', (A x B') U(Bx A')) ). Similarly, if (A, B) 
is a pair of if -spaces and (A', B') a pair of if'-spaces, then for left H- and 
if' -modules M and M', 

H% xH ,((A, B) x (A', B');M® M') = W H (A, B; M ® H 3 H ,(A\ B'; M% 

i+j=n 
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By the exact sequence of the pair, showing H Gj (Yj] ZGj) — > H Gj (YJ; ZGj) 
is zero is equivalent to showing that 

H* Gj (Yj x (Yj_/, Gj.ib); M <g> M') -> H Gj {Yi * Yj-i] M <8> M') (4.1) 

is onto, where M = ZG/, M' = ZGj-i and 6 G Yj-/ is a basepoint. If 
J — 7 7^ 0, then since is infinite and acts properly, Yj_j is noncompact; 
hence, H Gj M') = and so 

H Gj i (Yj^, Gj.jb; M') H Gj i (Yj^; M') 

is onto. Hence, 

M o tf^Q'j-i, Gj-jfe; MO) -» ^(Tj; M <g> H Gji (Yj^; M')) 

is onto. It follows from the relative Kiinneth Formula that the map in (14.11) 
is onto. 

The proof of the second statement is similar using induction on the car- 
dinality of J. Choose s e J. Then F<j = (Y<(j- S ) x Y s ) U {Yj- S x G s b s ). 
Hence, 

(Yj^j) = (Yj_ s ,Y <{J _ s) ) x (7„GA). 
Let M = ZGj_ s and M' = ZG S . Then 

H Gs (Y s ,G s b s ;M') -+ H Gs (Y s ;M') 

is onto by the argument in the previous paragraph, and 

HhjjYj-s, Y <{J _ s y, M) -> H Gj s (Yj_ s ; M) 

is onto by inductive hypothesis. Combining these two surjections, we see 
that 

HhjJYj-s, Y<(j-s)] M®H Gs (Y s , G s b s ; M')) H Gj s (Yj_ s] M®H Gs (Y s ; M')) 
is onto. So, by the relative Kiinneth Formula, 

Hgj-.xG.{Fj-,Y<J-)) >< (Y s ,G s b s ); ZGj) ^, sXGs (^ s x F s ; ZG,) 
is onto, which completes the proof. □ 
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Other coefficients. As before, G = Ylr G s is the graph product and G' = 
Ylses^s * s ^ ne direct product. Let p : G — > G' be the natural projection. 
We say that a group H lies between G and G' if H = G/N for some normal 
subgroup N G G with Kerp C N. If this is the case, then p factors as 

G^H — > G' 

where / is the natural epimorphism. In this way ZH becomes a G-module. 
There is the following generalization of Theorem 14.51 

Theorem 4.8. Suppose each G s is infinite and H lies between G and G' . 
Then 

GrH n (G;ZH) = H\Kj,dKj- &(Gj;ZH)) 

JeS(L) 

i+j=n 

where as before, H^(Gj; ZH) = W(Gj] ZGj) ® Gj ZH. Similarly, 

L 2 b n ((EG)/N;H)= J2 b\Kj,dKj)-L 2 V(Gj). 

JeS(L) 

i+j=n 

We have H n (G;ZH) = H%{{EG)/N) and (EG) /N is covered by com- 
plexes of the form H Xqj EGj. The proof then goes through in the same 
manner as that of Theorem 14.51 

5 Graph products of Coxeter groups 
5.1 Polyhedral joins 

As in §1.21 and §1.4[ let L be a simplicial complex with vertex set S. For each 
s G S, suppose given a simplicial complex C(s) with vertex set T s . For each 
J G S(L), define £(J) to be the join, 

C(J) := * C(s), (5.1) 

sG J 

and then define the polyhedral join of the C(s) with respect to L by 

* L C(s) := |J C(J). (5.2) 

JeS{L) 
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To simplify notation put C := %l C(s). Here is an equivalent definition. 
Let T denote the disjoint union 

T:= \jT a . 

s£S 

and 7r : T — > S the natural projection. Any subset I of T can be decomposed 

as 

sGtt(/) 

where I s C T s . Then 7 is the vertex set of a simplex in £ if and only if 
7r(J) G S(L), and J s G «S(£(s)) for each s G 5. In other words, a simplex J of 
£ is determined by a simplex J G <S(L) and a collection of simplices {I s } se j, 
where each 7 S G «S(£(s)). 

Remark. Similarly, given any family of spaces {^(s)} sG 5, for each J G S(L), 
define X(J) to be the join of the X(s) and the polyhedral join, %lX(s), to 
be the union of the X(J) as in (15. 2p . 

Recall that the notion of "polyhedral product" was defined by (jl.6p . The 
proof of the next lemma is straightforward. 

Lemma 5.1. The operation of applying K to simplicial complexes inter- 
twines the polyhedral join with the polyhedral product (defined in §1.4\ ), i-e-, 

K(* L C(s)) = 7r L (K(C(s)),dK(C(s))). 

The following lemma is a well-known consequence of the Kiinneth For- 
mula. 

Lemma 5.2. Given two spaces A and B, 

H n {A*B)= H\A-H\B)). 

i+j=n—l 

Also, H*(A*B) H*(A) is the zero map whenever B is nonempty. (Here 
H ( ) means reduced cohomology. Also, we follow the convention that the 
reduced cohomology of the empty set is Z in degree 
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Remark. If we take coefficients in a field F, the formula in lemma reads 
H n {A*B;¥)= H\A;W)®H j (B;W) 

i+j=n—l 

Similarly, for the J-fold join, X(J), of {X(s)} se j, 

H n (X(J);¥) = (g)H is (X(s);F). 

J2is=n-\J\-1 seJ 

Proof of Lemma \5. B Write CA and CB for the cones on A and B, respec- 
tively. Then (CA, A) x (CB,B) = (CA x CB, A * 5). Since x OB is 
contractible, H n (A*B) = H n+1 ((CA, A) x (CB, B)). Hence, 

if n (A * B) = H n+1 ((CA, A) x (CB, B)) 

= H i+1 (CA,A;H ]+1 (CB,B)) 

i+j+2=n+l 

= H\A;H\B)), 

i+j=n—l 

where the second equation is the relative Kunneth Formula. This proves the 
first sentence. To prove the second, note that the subspace A*$cA*Bis 
homotopy equivalent to A x CB C A * B. So, by the exact sequence of the 
pair, we need only show H*(A* B, A x CB) — > H (A * B) is onto. We have 

H n (A *B,Ax CB) = H n (CA x B,AxB) = H n ((CA, A) x B) 
= H\CA,A; H j (B)). 

i+j=n 

Since the connecting homomorphism H J (B) — > H^ +1 (CB,B) is an isomor- 
phism, it follows that H n (A *B,A) hJ n (A * B) is onto. □ 

For any J G <S(L), put 

£(< J) :={JC(J-s), 
where £(J — s) is defined by (15. ip . 

Lemma 5.3 (cf. Lemma [4. 7p . The map H (C(J)) ->• # (£(< J)), induced 
6y the inclusion, is the zero homomorphism. 
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Proof. The proof is by induction on the cardinality of J. It is trivially true 
for \J\ = 1. So assume \J\ > 1. We first claim that for each s G J, 
H*(C(J),C(J ~ s)) H*(C(< J),£(J - s)) is the zero map. We have 
(£(</), £(J — s)) = £(J — s) * (£(s), 0). Hence, as in Lemma [5\2| 

#"(£( J), £(,/-*)) = H\C(J-s);H^C(s))). (5.3) 

i+j=n— 1 

Similarly £(< J) = (£(< (J - s)) * £(s)) U (£(J - s) * 0); so, 

#"(£(< J), £( J - s)) = H n (£(< (J - s)) * (£( S ), 0)) 

= H l (£(<(J-s));W(£(s))). (5.4) 

i+,j'=n— 1 

By inductive hypothesis, H (£(J— s)) — >■ H {£{< (J— s))) is zero. Compar- 
ing ([El and flEID, we see that H*{£{J), £{J-s)) ->■ H*(C(< J), C(J-s)) is 
the zero map, which proves the claim. By the exact sequence of the triple, this 
is equivalent to the statement that H*(£(J), £(< J)) ->■ H*(£(J), £( J - s)) 
is onto. By Lemma |5"72| H*(£(J), £(J — s)) — >■ (£(</)) is also onto; hence, 
so is their composition, H*(£(J), £(< J)) — > if (£(«/)). But this is equiva- 
lent to the statement that if (£(</)) — ► # (£(< -0) is zero, which is what 
we wanted to prove. □ 

Put /C := K(£). We want to use the spectral sequence of §21 to compute 
the cohomology of (K.,K, T ~ I ) for any I G S(£). To warm up, let us do first 
the case 7 = 0. We note that /C T is (the barycentric subdivision of) £ and 
/C is the cone on £. Since 

/C=7Tl(#(£(s)),£(s)) and £=* L £( S ), 

(JC, £) is a pair of posets of spaces over S(L) (cf. (15. ip and (I5.2p ). Lemma [5731 
says that condition (Z) of §21 holds; so Lemma [2.21 gives the following, 

Gr# n (/C,/C T ) = H l (Kj,dKj;H j {Cone{£{J)),£(J))). (5.5) 
JeS(L) 

i+j=n 

Note that the term £F(Cone(£(J)), £{J)) can be replaced by if 5 X (£(J)). 
Let F := {s e S(L) | £(s) is the simplex on T s }. Note that if J n F ^ 0, 
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then the join C{J) is contractible (since one of its factors is a simplex). So, 
in this case the coefficients in (15. 5p . iP(Cone(£( J)), £( J)) vanish for all j. 

Next, fix / e F° r eac h s & S, I s — I nT s . Define a subset G(I) of 

5 by 

G(I) := {s E tt(/) n F I / a = Tj. (5.6) 

Then G(I) is the vertex set of a simplex a of L (since G(J) C tt(I)). Let 
T L = L = a he the full subcomplex of L spanned by S 1 — and let 

T K := K( L) be the Davis chamber. It is not hard to see that 1 L is homotopy 
equivalent to K S ~ G ^ (see [TTJ Lemma A. 5. 5, p. 416]), where a denotes the 
simplex corresponding to G(I). For each s G S — G(I), let £ 7 (s) denote the 
full subcomplex of C(s) spanned by T s — I s and for each J e S( T L), put 

£'(J) := * £ 7 (,). (5.7) 

sG J 

The usual spectral sequence argument proves the following. 
Theorem 5.4. notation as above, 

JeS('L) 
JnF=0 
i+j'=n— 1 

There are two extreme cases of Theorem 15.41 
Corollary 5.5. Suppose each C(s) is a simplex. Then 

i/™(/C,/C T - 7 ) = IV^K.d'K) 
(=H n ~\K s - G W) = H n ~\ I L)). 

Proof. If each C(s) is a simplex, then in Theorem 15 A\ J (IF = J is nonempty 

unless J = 0. When J = 0, H\C\J)) is nonzero only for j = —1 and we 
get the formula in the corollary. □ 

Corollary 5.6. Suppose no C(s) is a simplex. Then 

GiH n {K,K T - I )= H^Kj^Kj-H^C^J))). 

J£S{L) 
i+j=n—\ 

Proof. The hypothesis implies G(I) = 0; hence, I L = L and X K — K. □ 
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5.2 Cohomology of graph products of Coxeter groups 
with group ring coefficients 

We continue from §1.41 We are given a family of Coxeter systems {(V s , T s )} seS 
and we form the graph product with respect to T. Let T denote the disjoint 
union of the T s and put V = Ylr K- Then (V, T) is (obviously) a Coxeter sys- 
tem. The projection 7r : V — > Wi restricts to the natural projection T — >■ S 
which sends T s to s. For each s G S define C(s) to be L(V S ,T S ). Clearly, 

K(V, T) = 7Tl(w,s) K(V„ T a ) := K 

L(V,T) = * L{W;S) £(s):=£. (5.8) 

Henceforth, we write L and K for L(W, S) and K(W, S), respectively. 
Notation. For each J e S{W, S), put T( J) = 7r _1 (J) and 

seJ 

We can combine Theorem 15.41 with Theorem 13.21 to get the following 
calculation of H*(V;ZV). 

Theorem 5.7. 

ies(v,r) jeS^L) 
JnF=0 

i+j=n 

On the other hand, in Theorem 14.51 we calculated the cohomology of an 
arbitrary graph product of infinite groups and in Theorem [33] for an arbitrary 
graph product of finite groups. We would like to see that these answers agree 
with the above in the case of Coxeter groups. 

For any J E S(L), put 

J(J) : = {/ G S{C) | G(I) = J}. 
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When each V s is finite, 

Gr H n {V; ZV) = H n (K, K^' 1 ) ® A(V) J (by Theorem E7J ) 

ies(c) 

= H n ~\K s - J ) ®A{VY (by Corollary EB 

= H n (K,K s ~ J )® A(y)', (5.9) 
JeS(L) /eZ(J) 

where (15.91) agrees with Theorem 13.51 with 

Mj) ■= Mvy. 

iex(j) 

Next consider the situation where all V s are infinite. First we consider 
the special case where the base complex L is a simplex. 

Lemma 5.8. Suppose Vj is the J -fold product of {V s } se j, where each V s is 
infinite. For each I £ S(Vj,T(J)) , C (J) denotes the J -fold join defined by 
(157711 . Then 

H n {Vj- ZVj) = H n -\C\J)) ® A(VjY. 
ieS(Vj,T(j)) 

Proof. Let /C(J) denote the Davis chamber for (Vj,T(J)). By Theorem 13.21 

H n (Vj; ZVj) = H n {K{J), 1C T ^-\J)) <g> A(Vj) J . 
ies(Vj,T(j)) 

Moreover, /C T ( J )~ 7 ( J) is homotopy equivalent to C 1 (J). The formula in the 
lemma follows. □ 
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Finally, consider the general case when each V s is infinite: 

GrH n {V;ZV)= # n (/C,/C T - 7 ) ® AiV) 1 

ieS(v,T) 

= H^Kj^Kj-H^ic^jy^^Aivy 

ies(y,T) jgs(w,s) 

i+j=n 

= H%Kj,dK j; H'^iC'WvAiV) 1 ) 
Jes(w,s) ieS(v,T) 

i+j=n 

= H%Kj,dKj;Hi(V;ZV)), (5.10) 

Jes(w,s) 

i+j=n 

where the first equation follows from Theorem I3.2[ the second from Corol- 
lary [5761 the third from the fact that AiV) 1 is free abelian, and the last from 
Lemma 15.81 Moreover, ( I5.10P agrees with Theorem 14.51 

6 Weighted L 2 -cohomology of buildings and 
Coxeter groups 

6.1 Hecke— von Neumann algebras 

Suppose given a Coxeter system (W, S) and a function i : S — >■ / to an 
index set / such that i(s) = i(t) whenever s and t are conjugate in W. A 
multiparameter for (W, S) is an /-tuple t = of indeterminates (or of 

numbers). Write t s instead of t^ s y If si • • • s n is a reduced expression for an 
element w G W, then the monomial 

tlyy . t Sl ' ' ' tg n 

depends only on w and not on the choice of reduced expression for it. (This 
follows from Tits' solution to the Word Problem for Coxeter groups, cf. [UJ 
p. 315].) The growth series of W is power series in t defined by, 

W(t) := *»• 
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This power series has a region of convergence TZ(W) (a subset of C 1 ). If W 
is finite, then W(t) is a polynomial. For any Coxeter group W, it can be 
shown that W(t) is a rational function of t (cf. [TTJ, Cor. 17.1.6]). 

For any set X, H x denotes the vector space of finitely supported real- 
valued functions on X. For each x G X, e x denotes the indicator function of 
{x} so that {e x } xe x is the standard basis for H x . For a multiparameter q 
of positive real numbers, define a inner product ( , ) q on H w by 



if w = w', 
otherwise. 



Let L\(W) denote the Hilbert space completion of with respect to ( , ) q . 

Using q, one can also give the structure of a Hecke algebra, deter- 
mined by the formula 




if l(sw) > l(w), 
+ (q s — l)e w if l(sw) < l(w). 



When q = 1 (the multiparameter which is identically 1), R q (W) is the group 
algebra of W. 

Define an anti-involution * on R q iy, by (^2,x w e w )* := J2 x w~ ie w The 
inner product ( , ) q and the anti- involution * give R q W^ the structure of 
a Hilbert algebra (see [211 Prop. 2.1]). (In other words, x*, the image of x 
under the anti-involution of algebras, is equal to the adjoint of x with respect 
to ( , ) q .) This implies that there is an associated von Neumann algebra 
J\fq(W) (called the Hecke-von Neumann algebra) acting from the right on 
l£(W). One definition of A/" q (W) is that it is the algebra of all bounded 
linear endomorphisms of L_(W) which commute with the left R q (iy)-action. 
An equivalent definition is that it is the weak closure of the elements R q (W) 
which act from the right on L"L(W) as bounded linear operators. 

Define the von Neumann trace of ip G ftfq(W) by tr^y?) := (eicp, ei) q 
and similarly, for any (n x n)-matrix with coefficients in J\fq(W). This allows 
us to define the von Neumann dimension of any closed subspace of an n-fold 
orthogonal direct sum of copies of L^(W) which is stable under the diagonal 
R q (H / )-action: if V C (L 2 q (W)) n is such a subspace and p v ■ (L 2 q (W)) n -> 
(L^iW)) 71 is orthogonal projection onto V, then p v G Af q (W), so define 

dimjv, V := trjv q (pv). (6.1) 
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For any J C S and q G 1Z(Wj), there is a self-adjoint idempotent aj G 
Af q (W) defined by 



(cf. [HI Lemma 19.2.5]). For s 6 S, write a s instead of <2{ s }. For s G 5 and 
J C S, define subspaces of L q (W) by 

A s := L\{W)a s , A J :=p\A s . 

These subspaces are stable under the action of RqW from the left. Moreover, 
A J is the image of the idempotent ctj if q G 1Z(Wj), and A J = whenever 
q^^(Wj) (cf. [11, §19.2]). 

Let A >J denote the subspace Yli> j °f ^ J anc ^ P u ^ 

D J ■= A J n (A >J ) ± 

The following is one of the main results of [15] (or see [TT| Thm 20.6.1]). 



Theorem 6.1 (The Decomposition Theorem of [IS]), //q G 7?.U7?. _1 , then 

IDJ 

is a direct sum and a dense subspace of A J . In particular, taking J = 0, 



L l = J2 n '- 

If q G TZ, the only nonzero terms in this sum are those with I cospherical 
(i.e., with S — I G S), and if q 1 G IZ, the only nonzero terms are those with 
I spherical. Moreover, for q 1 G TZ, 
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6.2 Weighted L 2 -Betti numbers 

Suppose M is a mirrored CW complex over S. Let p be a multiparameter of 
positive real numbers for a Coxeter system (W,S). Define a measure /z p on 
the set of cells of U(W, M) by /i p (c) :— p w , where w G W is the element of 
shortest length which moves c into the base chamber M (= the image of 1 x M 
in U(W,M)). As in [T5] or [TT], we can use /x p to define the weighted L 2 - 
cochains, L p C*(U(W, M)). The corresponding reduced cohomology groups 
are denoted L p H*(U(W, M)). The weighted cochains on U(W,M) can also 
be regarded as cochains on M with respect to a certain coefficient system 
X(L p ). This coefficient system associates to a cell c in M, the left A/p-module, 
£ P Was(c), i-e., 

AH){c) ■= L 2 p (W)a s{c) . 

The corresponding cochain complex is denoted C*(M;X(L p )) and its reduced 
cohomology by H*(M; X(L p )). We have natural identifications, 

C*(M;l(L 2 p )) = L 2 p C*(U(W,M)), 
H*(M;l(L 2 p )) = L 2 p H*(U(W,M)). 

(This is completely analogous to (13. ip and (13. 2p of §EJ See [HI US].) The 
j th -weighted L 2 -Betti number of ^/(W 7 , M) is defined by 

L 3 p V{U(W,M)) := dim Np L 2 p W{U(W,M)) = dim^ p iF(M; X(L p )), 

where dim^ is defined by (16. ip . Also, put 

L 2 p V(W) :=L 2 p V(U(W,K)). 

We recall some of the main results of [15] and 1211. 



Theorem 6.2 (Dymara [2T]). Suppose pell. Then L 2 p b>{W) = for j > 0, 
while 

Theorem 6.3 (pj)J Thm. 10.3]). Suppose p _1 G 7?.. T/ien 

L 2 p b>(U(WiM)) = b j (M,M s - J )dimx p D J , 

J£S(W,S) 

where the formula for dim_^ D J is given in Theorem \6.1[ 
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Theorem 6.4 ( [TBI Thm. 13.8]). Suppose (C,5) is a locally finite building of 
type (W, S) with a chamber transitive automorphism group G and that the 
thickness of C is given by a multiparameter p of integers. (In other words, 
each s-panel contains p s + 1 chambers.) Let M be a mirrored CW complex 
over S (with a W -finite mirror structure). Then 

L 2 b j {B{C, M),G) = L 2 p b j {U{W, M)). 

(The group G need not be discrete. The von Neumann dimensions with 
respect to G are defined using Haar measure on G, normalized so that the 
stabilizer of a chamber has measure 1.) 

Corollary 6.5. Let G be a graph product of finite groups {G s } se s- Let p be 
the multiparameter defined by p s := \G S \ — 1. Then 

L 2 V(G)= J2 L 2 P V(K,K S ~ J )- 

J£S(W,S) 

As in the last paragraph of §3J there is a different method which can be 
used to define weighted L 2 -Betti numbers by using ideas of Luck [28] . As 
in [28] there is an equivalence of categories between the category of Hilbert 
A/" p (iy)-modules (i.e. A/" p (W)-stable closed subspaces of L^(W) n ) and the 
category of ordinary projective modules for N P {W). This allows us to define 
a "dimension," dim^ M, of a finitely generated, projective M P {W) -module 
which agrees with the dimension of the corresponding Hilbert Af p (W)-mod- 
ule. The Af p (W)- dimension of an arbitrary A/ p (W / )-module is then defined 
to be the dimension of its projective part. 

There is a coefficient system T(N P ) on the mirrored CW complex M 
defined by 

X(jV p )(c) := A/p(W>s (c) . 

The corresponding cohomology groups are denoted H*(M\T(N P )). The di- 
mension of H j (M;X(Af p )) is equal to that of fP(M;Z(L p )) (and they are 
both equal to j'^-weighted L p -Betti number of U (W, M)). (The advantage of 
using the coefficient system X(A/p) instead of X(L p ) is that it is not necessary 
to use reduced cohomology and then have to keep taking closures of images.) 
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7 Weighted L 2 -Betti numbers of graph prod- 
ucts of Coxeter groups 

As in §5.2} (Wl, S) is the RACS associated to a graph T, {(V s ,T s )} s< z S is 
a family of Coxeter systems and (V, T) is the corresponding graph product 
of Coxeter systems. Let q be a multiparameter for (V, T). It restricts to 
a multiparameter for each V s , which we will denote by the same letter. By 
Lemma EU V is a RAB of type (W L , S). 

Let p be the multiparameter for (Wl, S) given by p s = V s (q) — 1. The fol- 
lowing lemma shows that the growth series of (V, T) and (Wl, S) are related 
by a change of variables q — > p. 

Lemma 7.1. For w G Wl, 

< 1» = P»> ( 7 - 1 ) 

and, therefore, 

V(q) = W(p). 

Proof. Let si • • • s n be a reduced expression for w e and let v G 7r _1 (w). 
Then v factors as a product v Sl ■ ■ -v Sn , with v Si G K,*, and this factorization 
gives one-to-one correspondence between ir^ 1 (it?) and K* x • • • x V^* ; moreover, 

q« Q«si 

•q„ sn . (Recall from §0]that V* =V S - {1}.) Hence, the growth 
series of 7r _1 (it;) is the product of the growth series of the V^*, and the result 
follows. □ 

In the first subsection we compute the weighted L 2 -Betti numbers of V 
in the case where q G' 1Z(V s ) for each s G S. Notice that this necessarily 
entails that each V s is infinite. The proof uses the spectral sequence of §0 in 
the same way as in §4.31 In the second subsection we consider the opposite 
situation where q G TZ(V S ) for each s 6 S. For example, this holds for all q 
when each V s is finite. In this case the proofs are based on arguments from 

7.1 Large weights 

In this subsection we assume q ^ 7l(V s ) for each s G S. 
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Theorem 7.2. 

Llb n (V)= J2 V(Kj,dKj).LlV(Vj), 

i+j=n 
JeS(W t S) 

where 

L\V{Vj)= J] L\b^\V s ). 

seJ 

Proof of Theorem \7.^\ The proof is almost the same as the proof of Theo- 
rem H75J Since (V,T) is a Coxeter system, we prefer to use its natural action 
on its Davis complex rather than on EV. Let Y := U(V,)C) be the Davis 
complex and for each J e S(W, S), put 

yJ:=M(Vj,/C(J)), Yj:=Vx Vj Y}. 

As before, 

Yj = ]Jy;, where K a ' := U(V s ,)C(s)). 

Then V = {Yj}j e s(w,s) is a poset of spaces on Y. The spectral sequence of 
§[2] has El' J = C J (K;W (V)), where the coefficient system is defined by cr i— > 
-^M^mino-; A/" q (y)). It converges to H v (Y;Afq(V)) and the A/q-dimensions of 
these cohomology spaces are the L q -Betti numbers. Since q ^ 7Z{V S ) for each 
s e S, i7^(y s ';A/q(K)) = by [21]. 

and the relative Kiinneth Formula gives that 

fl^;JV q Mr)) fl^C^j;W q (Vj)) 

is the zero map. By Lemma [2.21 

Eg= H*{Kj,dKj)2>^{V) 
JeS(w,s) 

and the spectral sequence degenerates at E 2 . Taking von Neumann dimen- 
sions, we get the formula for weighted L 2 -Betti numbers. The last formula 
also follows from the Kiinneth Formula. □ 

We also have a weighted version of Theorem 14.81 Let V denote the 
direct sum fLes^s- ^ Coxeter system (V",T) lies between V and V if its 
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presentation is given by changing certain entries of its Coxeter matrix from 
oo to an even integers > 2 , more specifically, for any (ti,^) with G T Si 
and {s\,S2} Edge(r), we are allowed change m(ti,t2) from oo to an even 
integer. Note that a multiparameter q for (V, T) is also a multiparameter for 
(V',T) and for (V",T). The proof of Theorem 17.21 also gives the following. 

Theorem 7.3 (cf. Theorem SS]) . 

L\b n (U(y",1C))= J2 V(Kj,dKj)-LlV(Vj). 

i+j=n 

JeS 

7.2 Small Weights 

Throughout this subsection we suppose that the multiparameter q is "small" 
in the sense that q G TZ(V S ) for each s G 5*. Let M be a mirrored CW complex 
over S and let B(V, M) be the M-realization of V defined by (TO]) of JDS 

As before, define a measure /z q on the set of cells of B(V, M) by putting 
/x q (c) := q^, where v G V is the shortest element such that t> c lies in the base 
chamber M. Again, we get a cochain complex, L^C*(B(V, M)). (If Y is a 
mirrored CW complex over T, then associated to the Coxeter system (V, T) 
there is a different cochain complex, L£C*(U(V,Y)).) There is a coefficient 
system X(A/q) on M defined by 

X(Aq)(c) :=jV q (V) a„-i {S[c)) 

and the AT q (^)-dimension of W{M]I{N^)) is L q ^'(£(V; M)). 

Let if and /C denote the geometric realizations of S(W, S) and S(V,T), 
respectively. 

Theorem 7.4. L q 6*(W(V, /C)) = L\b*(B(V, K)). 

Proof. We use the same spectral sequence as in the proof of Theorem I7.2I It 
converges to Hy(U(V, KL); A/q(V)) and has .Ei-term: 

= C J (K;^'(V)). 

where the coefficient system is defined by a \-t Hy(X mina ; Af^iV)). Since 
q G 1Z(V S ), for each s G S, by Dymara's result, Theorem I6.2I the coefficients 
are nonzero only for j — 0. For j = the coefficient system is associated to 
the poset of coefficients J !->■ Afqa n -irj\. In §6.2! we denoted this coefficient 
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system by X(jV q ). So, E l { is the cochain complex C^(K; X(A/" q )), in other 
words, it is the cochain complex whose cohomology gives the b^(B{V, K)). 



Thus, 



b\(U(V,K)) = bi{B(V,K)). □ 



Remark. Suppose each V s is finite. Then each link C(s) is a simplex, and it 
follows that the natural map C — > L, induced by 7T, has contractible fibers. 
It follows that K, deformation retracts to K, respecting the mirror struc- 
ture. This deformation retraction induces a V^-equivariant, proper homotopy 
equivalence U(V,JC) —> B(V,K). So, when each V s is finite, Theorem 17.41 is 
the expected result. 



Remark. If each V s is finite and q = 1, then V is a locally finite building 
of type (W, S) of thickness p s = \V S \ — 1; so this reduces to Theorem 16.41 
(i.e., [T5l Thm. 13.8] or [TT[ Thm. 20.8.4]). The key point of the proof, which 
goes back to [21] , is that the folding map ir pulls back p- weighted harmonic 
cochains to g-weighted harmonic cochains. The proof of Theorem 17.51 is 
a minor generalization of the proof of [T5| Thm. 13.8] to locally infinite 
buildings. It occupies the end of this subsection. 

Example 7.6. Figure [T] depicts the folding map n : B(V, M) -» U(W, M) in 
the case of the free product of two infinite dihedral groups. Here the graph V 
is two disjoint points s and t, so W is generated by s and t. The vertex 
groups are also Doo, generated by and {t + ,t~}, respectively. So, 

V = Dqo * Dqo, and we let M be a segment K. 

Combining the two previous theorems we get the following. 

Theorem 7.7. L\b*{V) = L 2 p b*(W). 

Proof. 



Remark 7.8. (Graph products of spherical buildings). Suppose {C s } s< zs is 
a family of buildings where C s is type (V S ,T S ). In [TJl Ex. 3.1 (3)] the first 



Theorem 7.5. L^b*(B(V, M)) = L 2 p b*(U(W } M)). 



L\b*{V) := L\b\U{V,K)) = L\b\B{V,K)) 
= L 2 p b*(U(W,K)) 
:= Llb\W). 



(by Theorem I7.4p 



(by Theorem IT. 5j) 



□ 
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author defined the notion of a "graph product of buildings," Hr^- ^ ^ s a 
building of type (V,T). Suppose each C s is spherical of thickness q s with 
a chamber-transitive automorphism group G s := Aut(C s ) (i.e., each V s is a 
finite Coxeter group and the number of chambers of C s in a panel of type t s 
is Its + !)■ By Theorem 16 A\ the ordinary L 2 -Betti numbers of C := Hr^s 
with respect to G :— Y\ v G s are given by 

LV(B(C,/C)) = Lj6*(V0 = LlV{W L ), 

where p s = V s (q) — 1 = \C S \ — 1. In other words, the L 2 -Betti numbers 
of a graph product of spherical buildings depend only on the thickness of 
the buildings and the weighted L 2 -Betti numbers of the associated RACS, 
(W,S). 
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The proof of Theorem 17.51 The proof is a modification of the proof in 
[T5"l Theorem 13.8 in Section 13] and follows a series of lemmas. 

Lemma 7.9. (i) The map it : V — >■ W induces an isometric embedding 
n*:Ll(W)^Ll(V). 

(ii) For each s G S, vr*(a s ) = a^ s . Moreover, for each spherical subset 
J C S, ix*{a,j) = a^-i(j). 

(iii) T/ie map 7r* : L p (W) — > L^(V) induces a monomorphism of von Neu- 
mann algebras it* : J\f p (W) — > Afq(V). (In particular, it* commutes 
with the * anti-involutions on M-piW) and A/" q (V) .) 

Proof. To prove (JI]), notice that as w varies over W, the vectors ir*(e w ) are 
orthogonal to each other, and equation (17. ip implies that ||7r*(e l „) || q = ||e w || p . 

Statement §n§ follows immediately from the definitions. 

The idempotents a s and a r , with r, s G S, commute if and only if r and s 
commute. So, if a s commutes with a r , then ax 3 commutes with ay r . Since the 
a s generate the Hecke algebra, statement flmj) follows from (ji]) and (Jn]). □ 

Similarly to the equation ( 17. ip . the measures /i q and /z p on the cells of 
B(V, M) and U(W, M) are related by 

E ^(c')=^p(c). (7.2) 

c'eTr- 1 ^) 

By Lemma [7.91 the map 7r : B(V, M) — > U(W, M) induces a cochain map 
7T* : L 2 p C*(U(W,M)) -»■ L2C*(B(V;M)). We also have a "transfer map" 
t : L2C*(B(F,M)) ->• L 2 p C*(U(W,M)) defined by 

«(/)(c):= E f^)^r\- 

Lemma 7.10. (i) t o tt* = id : LjC^W, M)) ->■ L p C*(ZY(W, M)). 

(ii) T/ie maps 7r* and t are adjoint to each other. 

(iii) These maps take harmonic cocycles to harmonic cocycles. 
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Proof. Statement (i) is obvious. 

(ii) For / G LlC^UiW.M)) and /' G L\C\B{y,M)), we have 

<**(/),/% = E [*V)(<0][/V)W<0 

= E /(*(<0)/VK(<0 

= E /( c ) E /vwo 

= E [/(«/')(<0W(c) 

= <W)>p, 

where £ w and denote the set of i-cells in B(V, M) and M), respec- 
tively. 

(hi) Since vr* : L 2 p C*(U(W, M)) L\C*{B{V,M)) is induced by the 
cellular map 7r : B(V, M) — > U(W,M), it takes cocycles to cocycles. We 
must show it also takes cycles to cycles. If d G and d' G B^> and if the 

incidence number [d : d'] is nonzero, then it is equal to [^(c') : 7i(d')}. Hence, 

d«(n*(f))(c>) = Etc' : d'}^-f(n(c')) = £[ c : d]^/(c) = 0-(/)(c), 

where c = 7r(c'), <i = ir(d'), the first and the last equality come from the 
definition, and the middle equality comes from equation (17. 2p . So, d p (f) = 
implies that <9 q (7r*( i /)) = 0. Since t is the adjoint of it*, it also must take 
cocycles to cocycles and cycles to cycles. □ 

Consider the diagram: 
©LJ(W) ^4 0A S(C) = LlC*(U(W,M)) 4 LlH*(U(W,M)) 



®L\{V) —-^» ; ©4- 1(s(c)) ,L^ (s( y )M)) Lj W *(B(v,M)) 
where P denotes the orthogonal projection onto harmonic cocycles. 
Lemma 7.11. The above diagram commutes. 
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Proof. The commutativity of the first square follows from Lemma [7.91 

Let x G L p C*(U (W, M)). To prove commutativity of the second square, it 
is enough to show that P7r*(x) — tt*P(x) is orthogonal to any harmonic cocycle 
h G Lp-L*(B(V, M)). We have: (Pn*(x), /i) q = (ir*(x), P(/i)) q = (7r*(x), h) n . 
Hence, 

(Ptt*(x) - tt*P(x), h) q = (vr*(x - P(x)), /i) q = (x - P(x),t{h)) p = 0, 

where the second and third equalities follow, respectively, from parts (ii) and 
(iii) of Lemma 17.101 □ 



Proof of Theorem \7.5\ Let e c G L^(V) denote the unit vector e\ G L^(V) 



in the summand corresponding to a cell c G M^, and similarly for L p (W). 
Note that 7r*(e c ) = e c . Let 6* denote the compositions of the maps in the 
top and the bottom rows of the above diagrams, i.e., 9 is the orthogonal 
projection of the free Hecke-von Neumann module onto harmonic cocycles. 
Using Lemmas 17.111 and 17.101 we get 

b{(B(V, M)) := dim^y) L\H\B{V, M)) 

= 5>(ee), e c ) q = ^(^*(e c ), vr*(e c )) q 

= ^(7r*6»(e c ),7r*(e c )) q = ^(6>(e c ), tvr*(e c ))p 

= $>(e c ), (e c )) p = di mA , p(w) LlH\U{Wi M)) 

;=V p {U{W,M)). □ 



8 Octahedralization 

Suppose L is a simplicial complex. Its octahedralization, OL, is defined by 

OL:=* L S°. (8.1) 

Next we work out an example which motivated most of the the calcula- 
tions in this paper. For each s G S, V s is the infinite dihedral group with 
generating set, T s := Suppose (Wl, S) is the RACS associated to 

the graph T and (V, T) is the graph product of the infinite dihedral groups 
(so that (V,T) is also a RACS. By L(V,T) = OL. So, in this special 

case we shall write Wol for V and OS for S and call the RACS, (Wol, OS), 
the octahedralization of (W 7 , 5*). 
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Theorem 14.51 gives the following calculation of the cohomology of Wol 
with group ring coefficients. 

Theorem 8.1. 

Gr H n (W OL ;ZWoL)= H n -\ J \{K J: dKj)®Z{WoL/W j). 

J£S(W,S) 

Proof. Since Doo acts properly and cocompactly on R 1 , it is a 1-dimensional 
virtual Poincare duality group. It follows that the cohomology of Woj = 
(D^)^ with group ring coefficients is given by 



W{W OJ ;ZWoj) 



Z, ifj = |J|, 
0, otherwise. 



Substituting this into the formula in Theorem 14.51 gives the result. □ 

It is proved in [16] that the cubical complex T L can be identified with 
U(WoL,fc), and that Wol and A L are commensurable. Hence, Theorem 18.11 
gives a calculation of H*(A L ;ZA L ). (In fact this was the method used by 
Jensen and Meier in their proof of Theorem 13.31 ) 

Remark. Since Z C D^, there is an obvious inclusion of graph products, 
Al C Wol- However, whenever L is not a simplex, the image of Al is 
of infinite index in Wol- In [16J it is proved that Al and Wol are both 
isomorphic to subgroups of index 2l 5 ' in a larger RACG. 

Weighted L 2 -cohomology of Wol- We have OS = {s + , s~} se s- Let 
q = (q s ±)ses- The growth series of the infinite dihedral group is easy to 
compute. (For example, see [TTl Ex. 17.1.2].) We have 

T ,/ \ (i + + , i q s +q s --~L 

V s (qj = and 



l-q s +q s - ' K(q _1 ) (! + ?<-)(! + ?>+)' 

and 

p s = K(q) - 1 = - 



1 - q s +q s - 

Write q < 1 (resp. q > 1) to mean that each q s a < 1 (resp. > 1), for 
a G {+, — }. The following is a corollary of the results in §[71 

Theorem 8.2. Suppose (Wol, OS) is the octahedralization of(W,S). 
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(i) 

WoM = w( P ). 

(ii) If q < 1, then 

L\b n {W OL ) = L 2 p b n (W L ) 



If, in addition, p 1 G 1Z{W) (i.e., q is sufficiently close to 1), then 
L\V{W OL )= b k (K,K s - J )dun Xp D J , 

J£S(W,S) 

where a formula for dim^ D J is defined in Theorem \6.1[ 

(iii) If q= 1/3, then 

Ll /3 b n (W OL ) = L 2 b n (W L ), 

(iv) If q> 1, then 

Woi) = £ 6 »H, (A - J>aA - j)n _^_i_. 



(v) // q = 1, £/ien 

LV(W O j0 = b n (K,dK) = 
where b ( ) refers to the reduced Betti-number. 

Proof. (JI]),© and ( Imj) are immediate from the formula for p s , Lemma \7.1\ 
and Theorems 17.71 and 16.31 

The region of convergence of the dihedral group 7^(Doo) is given by 
q s +q s - < 1. For a spherical J, Vj is the J- fold product of Doo. Thus, if 
q > 1, then L 2 H*(Vj) is concentrated in degree \J\ and 



and we apply Theorem 17.21 to obtain (Jivl) . Finally, if q = 1, then all the 
terms with nonempty J in (JTvl) (or (jn])) vanish and we obtain ([vj) . (Since 
L 2 b n (W OL ) = L 2 b n (A L ), it also follows from Theorem EH) □ 
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Remark 8.3. If q is such that q s + = q s - (= q s ), then in Corollary I8.2( i) the 
formula becomes 



OL) 



JeS sgJ 



+ q s 



and in (ii) the formula for p s simplifies to 



Ps 



2q s 



Remark 8.4. Our original motivation for computing the weighted L 2 -co- 
homology of the octahedralization of Wl was to compute the ordinary L 2 - 
cohomology of the Bestvina-Brady group BBl (which we did by the spectral 
sequence method in Theorem 14.41) . Although we were never able to make 
complete sense of the calculation, it was supposed to go something like this. 
Suppose that the multiparameter q is a positive constant q. Then it should 
be possible to define the weighted L 2 -cohomology of Al and BB^. Moreover, 
the L^-Betti numbers of A L should equal those of Wol an d L^-Betti numbers 
of BB L should behave as if the Davis complex for Wol were to split as a 
product of the complex with the real line (with D^-action) and as if the 
Kunneth formula were true, i.e., 



L 2 q b n (WoL) = L 2 q b n (BB L ) ■ ^°(D m ) = L 2 q b n (BB L ) 
L 2 q b n+ \W L) = L 2 q b n (BB L ) ■ L^D^) = L 2 q b n (BB L ) 
These can be rewritten as 



1-g 
9 + 1 
q-1 
q+1 



L q b n (BB L ) = L 2 b n (W OL 



L 2 b n+ \W L, 



q+1 
l-q 
q + 1 
q-1 



, for q < 1, and 
for q > 1. 



for q < 1 
for q > 1. 

(8.2) 
(8.3) 



Next we want to find the ordinary L 2 -Betti numbers of BBl by taking the 
limit of either of these formulas as q — > 1. Since 

™-a + ,>«-(£ +1 ) w -g±i) w , 
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the formula in Theorem 16.11 becomes 




After multiplying through by (1 — q)/(l + q), the only terms on the right 
hand side of (18 .4p which will be nonzero when q = 1 are those with |/| = 1 
and hence, \J\ = or 1. Since dK = K s is acyclic, the term for J = 
in Theorem I8.2[ namely, b n (K,K s ), vanishes. So, using Theorem 18.21 (i). 
formula (I8.2p gives, for q < 1, 

L 2 b r \BB L ) = ]xmL 2 g b n {BB L ) = V^(if,i^ s ) = Y^b n (K s ,dK s ) 

ses ses 

where the last equation follows from the fact that dK is acyclic and the ex- 
cision, H*(dK } K s ' s ) = H*(K s ,dK s ). Similarly, for q > 1, Theorem E21 (ii) 
can be written as 

L 2 q b n+1 {W OL )= b n -\ J \ +1 (Kj,dKj) 

JeS(W,S) 

and (18.31) gives, for q > 1, 

L 2 b n (BB L ) = \mxL 2 q b n {BB L ) = \2b n (K s ,dK s ), 

ses 

since when q = 1 only the terms with | J\ = 1 are nonzero. So, in Theorem l8.2l 
both the formulas (i) and (ii) give the same answer as Theorem 14.41 

9 Duality groups 

An m-dimensional simplicial complex L is Cohen-Macaulay if for each J G 
S(L), H (Lk(J)) is concentrated in degree m — \ J\ and is torsion-free. For 
J = 0, this means that H (L) is concentrated in degree m. It also implies 
that any maximal simplex J has dimension m, since, when J is maximal, 
Lk(J) = and our convention is that H (0) is concentrated in degree —1 
(where it is = Z). 

A group G of type FP is an n-dimensional duality group if H*(G; ZG) is 
concentrated in degree n and is torsion- free. 

An immediate consequence of Corollary 18.11 is the following. 
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Proposition 9.1 (Brady-Meier [5] and Jensen-Meier [22]). Suppose (W, S) 
is a RACS with nerve L. Then the octahedralization, Wol, is a virtual duality 
group if and only if L is Cohen-Macaulay (and consequently, the same is true 
for the associated RAAG, Al). 

Brady and Meier asked if these conditions are equivalent for a general 
Artin group (Question 2 of |5j) and attributed the question to the first au- 
thor of this paper. The equivalence follows immediately from Theorem 14.11 
whenever the K(tt, 1) Conjecture holds for A. We state this as the following. 

Proposition 9.2. Suppose X is the Salvetti complex associated to a Cox- 
eter system with nerve L. Then H*(X; ZA) is concentrated in degree n and 
is torsion- free if and only if L is an (n — 1)- dimensional Cohen-Macaulay 
complex. 

(The "if direction was also proved by Brown-Meier in [7] by using a different 
spectral sequence.) 

Similarly, by Theorem 14.3} for Bestvina-Brady groups we have the fol- 
lowing. 

Proposition 9.3. Suppose L is an acyclic flag complex. Then BB^ is a 
duality group if and only if L is Cohen-Macaulay. (For example, L could be 
a acyclic, compact manifold with boundary.) 

As explained in (TSJ Sec. 6], for graph products of finite groups, Theo- 
rem 13.51 leads to a slightly different condition. An m-dimensional simplicial 
complex L has punctured homology concentrated in dimension m (abbrevi- 
ated PH m ) if for each closed simplex a of L, H*(L — a) is torsion free and 
concentrated in degree m. The PH m condition implies that L is Cohen- 
Macaulay but is not equivalent to it (cf. [TSJ Cor. 6.9]). 

Proposition 9.4 ( |18[ Theorem 6.2] and also cf. [24]). Let G be the graph 
product of a collection of nontrivial finite groups. Then G is a n-dimensional 
duality group if and only if L is PH n ~ l . 
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